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(The USA, with the states shown in various colors, from epa.gov)

They used a lot of colors here, probably more than necessary.

How many colors do you really need, to color all the states so that
adjacent states never have the same color? (And should Colorado
and Arizona be considered adjacent?) (For today, no.)
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(from Wikipedia)

You can color the map with 4 colors (don’t worry about the lakes).

How about 3?
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What about other maps? (Remember, it’s OK for two regions of
the same color to share a corner. . . just not an edge with positive
length.)

Are there some maps that you could color with 2 colors? 3 colors?
Are there some maps where you need 5 colors? 6?

(-Martin Gardner, April, 1975)
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We’ll translate this type of map-coloring question into a question
about graph theory.

I Put a dot in the middle of each “state”. . .

I and connect two dots if their states share a border.
I (Like drawing a capital in each state, and connecting adjacent

state capitals by roads.)

(-Randal Bryant )
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So, coloring the map properly means to color each “dot,” in such a
way that connected dots are always of different colors.

A graph is a collection of dots, which are called vertices, and lines
connecting the dots, which are called edges. Two vertices are
called adjacent if they are connected by an edge.
A graph coloring is an assignment of colors to the vertices, such
that adjacent vertices never share the same color.
A k-coloring of a graph is a coloring which uses k different colors.
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The Four-Color Theorem

Theorem
Any planar graph (i.e., any graph that may be drawn in the plane,
possibly with curved edges but without any edges crossing) may be
colored using 4 (or possibly fewer) colors.

Map of states → planar graph → 4-coloring of graph → map
coloring with 4 colors, so this statement solves the map coloring
problem.

This was originally proposed as a conjecture (guess) in 1852. The
proof of this theorem wasn’t finished until 1977 by a computer,
which was programmed to check almost 2000 different cases.
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Example: What is the least number of colors needed to properly
color the vertices of the following graphs? (Note: the least number
of colors required is called the “chromatic number” of the graph.)

a)

b)
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“Useful” example: Suppose we have 6 people (A, B, C, D, E, F)
serving on 4 committees (1, 2, 3, 4):
1: A, C, E
2: B, C, D
3: A, E, F
4: B, D, F

If all the committees need to have meetings, how many time-slots
must be scheduled? (Meetings can happen at the same time, but
not if they share members in common.)

We can make this into a graph coloring problem: The vertices are
the committees, and we connect two vertices by an edge if they
share a member in common. The number of colors necessary is the
number of time-slots required. (Why must adjacent vertices have
different colors?)
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Thank you!

Other resources:

Wikipedia page on Four-Color Theorem
Interesting Map Problems. See also The McGregor Graph
Open Problems in Graph Theory
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